
Introduction

Thermogravimetric analysis (TG), especially

nonisothermal TG, provides a quantitative under-

standing the kinetics of processes involving solids,

such as decomposition and gas-solid reactions, by fol-

lowing the mass loss and/or the rate of mass loss of

the samples with time [1]. Knowledge of the kinetic

parameters, such as the activation energy and the fre-

quency factor, can be obtained through various TG

data treating methods. Since their many inherent ad-

vantages, integral methods have been widely used to

determine kinetic parameters from nonisothermal TG

data [2]. Unfortunately, integral methods involves the

integral of the Arrhenius function, so called ‘tempera-

ture integral’, which does not have an exact analytical

solution. A large number of approximate solutions for

the temperature integral, with varying complexity and

precision, have been proposed [3]. Overviews of the

temperature integral approximations and their appli-

cations can be found in the literature [4–6]. However,

some approximations are imprecise in the evaluation

of the temperature integral if the approximations are

compared with the values calculated by numerical in-

tegration [7]. Junmeng et al. have developed two new

first degree rational fraction approximations for the

temperature integral, which is simple and accurate

[8, 9]. The present work seeks to develop several

more accurate approximations for the temperature in-

tegral under experimental conditions of a linear tem-

perature program and extend these results to the un-

ambiguous determination of the kinetic parameters. It

is hoped that the results of this work will aid process

development of nonisothermal kinetics.

Theoretical

The temperature integral is a special integral which

frequently occurs in the non-isothermal kinetic analy-

sis when the dependence of the reaction rate on the

temperature is described by the Arrhenius law [10].

The expression of the temperature integral is

e d–E/ RT
T

0� T , where T is the absolute temperature, E is

the activation energy, R is the universal gas constant.

If E/RT is replaced by ‘u’ and the integration limits

are transformed, the temperature integral becomes
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where P(u) is the exponential integral.

The P(u) function does not have an exact analytical

solution, but can be numerically integrated. In this

study, we use the following second and third degree ra-

tional fraction to approximate the P(u) function.
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where p1–p16 are indeterminant parameters. Here we

call the above expressions Ji approximation I, Ji ap-

proximation II and Ji approximation III.
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Most solid-state reactions take place in the range

of 5�u�100. To determine the values of p1–p16, the

following objective function is established:

O F p u p u u ii. . [ ( ) ( )] , , ,� � ��
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5
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Those values which minimize the objective

function are the expected values. It is difficult to get

the derivative information of the objective function

which does not have explicit expression. The optimi-

zation algorithm should be derivative-free, robust

with respect to local optima. In this work, we have

employed the pattern search to solve the above opti-

mization problem. The pattern search method is a de-

rivative-free, direct search algorithm for nonlinear

optimization. Detailed information of the pattern

search method can be found in the literature

[8, 11, 12]. Thus, the approximations for the P(u)
function are obtained and given below:
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From Eqs (1), (6), (7) and (8), the corresponding

approximations for the temperature integral are ob-

tained:
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Table 1 Expressions of the approximation for the exponential integral
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Accuracy evaluation of the approximations

Since the exponential integral is the variable-trans-

formed expression of the temperature integral, the ac-

curacy evaluation of the temperature integral approxi-

mation is identical to that of the corresponding

exponential integral approximation. Most thermally

stimulated solid-state reactions take place in the range

of 5�u�100. Here we consider this range of u in the

following accuracy evaluation.

Here we introduced some existed approxima-

tions proposed by Coats and Redfern [13], Gorbachev

[14], Chung-Hsiung [15], Agrawal [16], Quanyin and

Su [17], Wanjun et al. [18]. Senum and Yang [19],

Junmeng et al.. [8] and Junmeng and Fang [9] for

comparison. The expressions of those approximations

are listed in Table 1.

The relative error percentages of those approxi-

mations for the estimation of P(u) are illustrated in

Table 2. The relative error has been defined by the

following expression:

� �
�

�
P u P u

P u

a ( ) ( )

( )
%100 (23)

where Pa(u) is the value obtained by the P(u) approxi-
mation, and P(u) is the value obtained by numerical

integration which is performed by means of the

Mathematica software system.

From the obtained relative errors included in Ta-

ble 2, we can obtain that the three newly proposed ap-

proximations are more accurate than those approxi-

mations proposed by Coats and Redfern, Gorbachev,

Chung-Hsiung, Agrawal, Quanyin and Su,

Wanjun et al., Junmeng et al. and Junmeng and Fang

in the range of 5�u�100. In general, the three approxi-

mations are accurate than Senum–Yang approxima-

tions for low values of u. The ranges of u in which the

new approximations are accurate than Senum–Yang

approximations are listed in Table 3. Furthermore, the

absolute value of the relative error of the three new

approximations for the estimation of the temperature

integral are less than 8.1·10–4, 2.5·10–5, 4.1·10–6% in

the range of 5�u�100, respectively. Therefore, the

three newly proposed approximations are accurate

and can be used for performing the non-isothermal ki-

netic analysis of solid-state reactions.

Conclusions

Three new rational fraction approximations for the

temperature integral have been obtained using the

pattern search method. The relative errors of the new

approximations for the estimation of the temperature

integral are obtained and very low. Compared with

several temperature integral approximations, the

newly proposed approximations give more accurate

values of the temperature integral than some other ap-

proximating formulas except Senum–Yang approxi-

mations in the range of 5�E/RT�100. For low values

of E/RT, the new approximations are accurate than

Senum–Yang approximations as solutions of the tem-

perature integral.

References

1 M. E. Brown, Introduction to thermal analysis: Techniques

and applications (2nd edition), Kluwer Academic Publish-

ers, Boston 2001, Chapter 3.

2 R. E. Lyon, Thermochim. Acta, 297 (1997) 117.

3 G. R. Heal, Thermochim. Acta, 340–341 (1999) 69.

4 J. H. Flynn, Thermochim. Acta, 300 (1997) 83.

5 S. Vyazovkin, Anal. Chem., 76 (2004) 3299.

6 M. E. Brown, J. Therm. Anal. Cal., 82 (2005) 665.

888 J. Therm. Anal. Cal., 91, 2008

YI

e d
–E

RT

T

T
RT

E

E RT E RT

E RT0

2 2 4 45239 0 76927
� �

� �( / ) . ( / ) .

( / ) 2 6 45218 769430� �. ( / ) .E RT
e

–E
RT (6)

e d
–E

RT

T

T
RT

E

E RT E RT E

0

2 2 1699864 365517
� �

� �( / ) . ( / ) . ln( /RT

E RT E RT E RT

) .

( / ) . ( / ) . ln( / )

�

� � �

5 41337

1899977 3 435932 38 49858.
e

–E
RT (7)

e d
–E

RT

T

T
RT

E

E RT E RT E R

0

2 3 2927052 16 79440
� �

� �( / ) . ( / ) . ( / T

E RT E RT E RT

) .

( / ) . ( / ) . ( / )

�

� � �

120025

1127052 3333602 23 2 421457.
e

–E
RT (8)

Table 3 The range of u in which the new approximations are accurate than Senum–Yang approximations

Senum–Yang second degree
approximation

Senum–Yang third degree
approximation

Senum–Yang fourth degree
approximation

Ji approximation I 5�u�72 5�u�21 5�u�9

Ji approximation II 5�u�92 5�u�26 5�u�18

Ji approximation III 5�u�100 5�u�75 5�u�24



7 L. A. Pérez-Maqueda, P. E. Sánchez-Jiménez and

J. M. Criado, Int. J. Chem. Kinet., 37 (2005) 658.

8 C. Junmeng, Y. Fusheng, Y. Weiming and H. Fang,

AIChE J., 52 (2006) 1554.

9 C. Junmeng and H. Fang, AIChE J., 52 (2006) 2656.

10 J. M. Criado and L. A. Pérez-Maqueda, ‘Sample Con-

trolled Thermal Analysis: Origin, Goals, Multiple Forms,

Applications and Future’, O. T. Sorensen and

J. Rouquerol, Eds, Kluwer, Dordrecht 2003, p. 55.

11 R. M. Lewis, V. Torczon and M. W. Trosset, J. Comput.

Appl. Math., 124 (2000) 191.

12 V. Torczon, SIAM J. Optim., 7 (1997) 1.

13 Q. W. Coats and J. P. Redfern, Nature, 201 (1964) 68.

14 V. M. Gorbachev, J. Thermal Anal., 8 (1975) 349.

15 L. Chung-Hsiung, AIChE J., 31 (1985) 1037.

16 R. K. Agrawal, AIChE J., 33 (1987) 1212.

17 R. Quanyin and Y. Su, J. Thermal Anal.,

44 (1995) 1147.

18 T. Wanjun, L. Yuwen, Z. Hen, W. Zhiyong and

W. Cunxin, J. Therm. Anal. Cal., 74 (2003) 309.

19 G. I. Senum and R. T. Yang, J. Thermal Anal.,

11 (1977) 445.

Received: March 4, 2007

Accepted: March 5, 2007

DOI: 10.1007/s10973-007-8279-1

J. Therm. Anal. Cal., 91, 2008 889

NEW RATIONAL FRACTION APPROXIMATING FORMULAS



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


